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Abstract
There is a solution of the problem of stress-strain state determining in the radially inhomogeneous hollow concrete sphere. The 
inhomogeneity in this axisymmetric problem is induced by the temperature field. The problem reduces to a differential equation
system with variable coefficients. The allowance for the variable Young’s modulus lets to arrive to a more accurate solution.
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1. Introduction
In most constructions, which are used nowadays, elements have unchanged geometrical shape along the whole 
length as well as constant mechanical-and-physical properties. Stresses in such constructions are unevenly spread,
the limit state can occur only in insignificant areas, the resource of the material is not completely used, which leads 
to its overspending. One of the promising areas of structural mechanics is to develop methods that allow you to more 
fully use the strength of material resource. Such methods can reduce the deformation characteristics of materials, i.e. 
reduce the stress that can reduce the thickness of the reinforced concrete shell, more usefully spread reinforcement in 
section, increase peak load. In works [1-4 and others] were developed methods to solve problems of elasticity theory 
IRUERGLHVZLWKFRQWLQXRXVLQKRPRJHQHLW\RIGHIRUPDWLRQFKDUDFWHULVWLFVHODVWLFPRGXOXVȿDQG3RLVVRQ
VUDWLRȞ
including ones which are due to temperature field. Unlike previous works, in this paper we consider the problem for 
the case when an inhomogeneous semi sphere stands under the local vertical load.
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Nomenclature
E Young’s modulus
K bulk modulus
Ȝ Lamé parameter
ȝ Lamé parameter
Ȟ Poisson's ratio
R body force component
Ĭ body force component
r radial coordinate
ș circumferential coordinate
ș0 the angle that defines the boundary of the load
a the inner radius
b the outer radius
u radial displacement
v circumferential displacement
T temperature
Ta temperature at the inner face of the sphere
Tb temperature at the outer face of the sphere
ĮT constant coefficient of linear thermal expansion
İT forced temperature deformations
f vertical localized load distributed over the outer face
n degree of Legendre polynomials
Pn Legendre polynomial
p vertical component of surface loading
q horizontal component of surface loading
ır radial strain
ıș circumferential strain
ıĳ meridional strain
ĲUș shear stress
2. Statement of the problem
As a mechanical model, we chose a thick-walled reinforced shell (semi sphere). The shell parameters a=3.3m, 
b P Ȟ  WKH ORDG SDUDPHWHUV f=10Pa - vertical localized load distributed over the outer face, ș0=30°,
temperature Ta=500°C, Tb=0°C (Fig. 1).
Fig. 1. The model.
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3. Solution of the problem
In the case of steady state of the temperature distribution, the solution of the heat equation in a spherical shell has 
the form:
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ª º   « » ¬ ¼
(1)
Forced temperature deformations at a constant coefficient of linear thermal expansion equal: Ɍ ( )T Ɍ UH  D . In the 
calculations it was assumed: 4 1Ɍ 0.1 10 ɋ D   q .
The dependence of the modulus of elasticity on temperature [4] can be approximated by the 
polynomial (Fig. 2): 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Fig. 2. Experimental data ( $ ) of the Young's modulus depending on the temperature of concrete and the graph of the fitted curve E(T).
Displacement equations of equilibrium corresponding to the axisymmetric torsion-free problem:
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where:
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In this problem Young’s module is a function of one variable (radius).
If in the axisymmetrical problem in spherical coordinates İT is a function of one variable and the inhomogeneity is 
radial, then equations (2), (3) can be simplified:
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The stress boundary conditions for the axisymmetric problem can be formulated in the following way:
r a , r apV   , r aqTW  
r b , r bpV   , r bqTW  (7)
where pa, pb, qa, qb are expressed in terms of piecewise functions, which depend on the load f.
Let us write expressions for stresses in terms of deformations:
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We will find the solution of equations (5), (6) in terms of Legendre polynomials
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cosnP T is a Legendre polynomial of degree n, which is the solution of the equation:
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In addition, the surface load must be expressed in terms of series:
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where according to [6]:
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Based on the analysis of the expansion of the surface load in a Fourier series we can choose the number of terms 
of the series. In this problem, we need 21 terms.
Having inserted the relations (9) in (7) and (8) we come to a differential equation of the second order for
un and vn:
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Having used the relations (7) and (8) we obtain the boundary conditions for the required functions from the 
boundary conditions (6):
                
                
       
       
,
b,
,
b,
2 1
2 3 ;
2 1
2 3 ;
;
.
n n n n a n
n n n n n
n n
n a n
n n
n n
a n n a
a a u a u a v a Kg p
a a
b n n b
b b u b u b v b Kg p
b b
v a u a
a v a q
a a
v b u b
b v b q
b b
­ 
c     °
°
° ° c     
°°
®
ª º° c    « »° ¬ ¼°
° ª ºc°    « »
° ¬ ¼¯
O O
O P
O O
O P
P
P
(14)
Having solved the boundary value problem with equations (13) and boundary conditions (14) for n=0,…,20 in 
the computer algebra system Maple we obtain displacements, which we substitute in relations (9). Then using 
relations (8) we can obtain stresses.
Fig. 3-6 show diagrams of the radial and circumferential stresses, where dashed lines show stresses for the
homogeneous material. 
 
Fig . 3. Diagrams of radial stresses
depending on r.
Fig. 4. Diagrams of circumferential stresses
depending on r.
  
Fig . 5. Diagrams of radial stresses
depending on ș
Fig . 6. Diagrams of circumferential stresses
depending on ș
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4. Conclusions
0D[LPDOFRPSUHVVLYHVWUHVVHVıUZLWKDOORZDQFHIRULQKRPRJHQHLW\DUHUHGXFHGE\FRPSDUHGZLWKWKHFDVH
when the inhomogeneity is ignored. But it is not so important compared with a 3 times decrease in the tensile stress 
ıșRQWKHLQQHUERXQGDU\DQGDWLPHVGHFUHDVHLQWKHWHQVLOHVWUHVVıșRQWKHRXWHUERXQGDU\RIWKHVHPLVSKHUHDV
concretes generally have a tensile strength which is substantially less than the compressive strength.
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